Abstract. We show that there exists a plane curve of degree q 3 + 1 with two inner Galois points whose smooth model is the Hermitian curve of degree q + 1, where q is a power of the characteristic p > 0. Similar results hold for the Suzuki and Ree curves respectively.
Introduction
Let C ⊂ P 2 be an irreducible plane curve over an algebraically closed field k of characteristic p ≥ 0 and let k(C) be its function field. For a point P ∈ P 2 , if the function field extension k(C)/π * P k(P 1 ) induced by the projection π P is Galois, then P is called a Galois point for C. This notion was introduced by Yoshihara ( [8, 10] ).
When a Galois point P is a smooth point of C, P is called an inner Galois point.
There are not so many examples of plane curves with two inner Galois points (see the Table in [11] ). In this note, we give new examples, which update the Table in [11] .
Let p > 0 and let q ≥ 3 be a power of p. We consider the curve H defined by
which is called the Hermitian curve. For the natural embedding of H in P 2 of degree q + 1, Homma determined the distribution of Galois points ( [7] ). To produce examples of plane curves with two Galois points, we would like to consider other birational embeddings. We show the following.
Theorem 1. For the Hermitian curve H of degree q + 1, there exists a morphism ϕ : H → P 2 such that (a) the morphism ϕ : H → ϕ(H) is birational, (b) the degree of ϕ(H) is q 3 + 1, and (c) there exist exactly two inner Galois points on ϕ(H).
For the proof, it is important that two subgroups G 1 and G 2 of the full automorphism group Aut(H) of order q 3 act on the set H(F q 2 ) of all F q 2 -rational points, which consists of q 3 + 1 points, on the Hermitian curve H. The automorphism groups of the Suzuki and Ree curves have the similar property. We will obtain the following.
Theorem 2. Let p = 2, q 0 ≥ 2 a power of 2, and let q = 2q 2 0 . For the Suzuki curvê C, which is the smooth projective model of the affine curve defined by
there exists a morphism ϕ :Ĉ → P 2 such that 
there exists a morphism ϕ :Ĉ → P 2 such that (a) the morphism ϕ :Ĉ → ϕ(Ĉ) is birational, (b) the degree of ϕ(Ĉ) is q 3 + 1, and (c) there exist exactly two inner Galois points on ϕ(Ĉ).
Hermitian curves
Let P 1 = (1 : 0 : 0) and P 2 = (0 : 0 : 1) ∈ H. We consider the subgroup
, which is of order q 3 . For any σ ∈ G 1 , it follows that σ(H) = H, [6, pp. 643-644] ). We take x = X/Z and y = Y /Z. Note that k(H) = k(x, y) and
. Similarly, we define
, and
It follows from [3, Theorem 1] that we have a morphism ϕ : H → P 2 such that ϕ is birational onto ϕ(H), deg ϕ(H) = q 3 + 1 and there exist two inner Galois points.
To determine the number of inner Galois points on ϕ(H), we consider the image
Then, ϕ(P 1 ) = (0 : 1 : 0), ϕ(P 2 ) = (1 : 0 : 0) and ϕ(H(F q 2 )) = ϕ(H) ∩ {Z = 0}.
Let P = (α : β : 1) ∈ H(F q 2 ) \ {P 1 , P 2 }. Then, y − β is a local parameter at P . Let u = y − β and v = (y/x) − (β/α). Note that
On the other hand, dv dy = x − y dx dy
It follows that ϕ(P ) = (−α q−2 : 1 : 0). When α q + α = 0, the fiber ϕ −1 (ϕ(P )) contains at least q + 1 points (that is, ϕ(P ) is a singular point of ϕ(H)).
We consider the case where α q−1 + 1 = 0. Then, ϕ(P ) = (1 : α : 0) and the projection π ϕ(P ) is represented by
It follows that the ramification index at P is equal to q. This implies that the intersection multiplicity of ϕ(H) and the tangent line at ϕ(P ) is q + 1.
Assume that ϕ(R) is inner Galois. Then, the associated Galois group G ϕ(R) is of order q 3 , which is a Sylow p-subgroup of Aut(H) ∼ = PGU(3, q) (see [6, pp. 643-644]).
Therefore, there exists P ∈ H(F q 2 ) such that σ(P ) = P for any σ ∈ G ϕ(R) . Then, the order of the pull-back of a linear polynomial given by the tangent line at P is q 3 or q 3 + 1, and hence, ϕ −1 (ϕ(P )) = {P }. It follows that P = P 1 or P 2 , and hence, R = P 1 or P 2 . The proof of Theorem 1 is completed.
Suzuki curves
See [5] , [4] or [6, Section 12.2] for properties of the Suzuki curves. We take x = X/Z and y = Y /Z. Let p = 2, q 0 a power of 2, q = 2q 2 0 , and let C ⊂ P 2 be (the projective closure of) the curve defined by
The smooth model of C is denoted byĈ with normalization r :Ĉ → C. Let P ∞ = (1 : 0 : 0) and P 2 = (0 : 0 : 1) ∈ C. It is known that P ∞ is a unique singular point of C and r −1 (P ∞ ) consists of a unique point P 1 ∈Ĉ. We consider the subgroup
, which is of order q 2 . For any σ ∈ G 1 , it follows that σ(P ∞ ) = P ∞ and
Let h := xy + x 2q 0 + y 2q 0 +2 and let ψ be the rational transformation of A 2 given by (x, y) → (y/h, x/h).
Then, ψ induces an involution ofĈ and ψ(P 1 ) = P 2 . Let G 2 := ψG 1 ψ ⊂ Aut(Ĉ), which is of order q 2 . Note that k(C)
It follows from [3, Theorem 1] that we have a morphism ϕ :Ĉ → P 2 such that ϕ is birational onto ϕ(Ĉ), deg ϕ(Ĉ) = q 2 + 1 and there exist two inner Galois points.
To determine the number of inner Galois points on ϕ(Ĉ), we consider the image ϕ(Ĉ(F q )). As in the proof of [3, Theorem 1], ϕ is represented by
Then, ϕ(P 1 ) = (0 : 1 : 0), ϕ(P 2 ) = (1 : 0 : 0) and ϕ(Ĉ(F q )) = ϕ(Ĉ) ∩ {Z = 0}. Let P = (α : β : 1) ∈ C(F q ) \ {P ∞ , P 2 }. Then, y + β is a local parameter at P . Let u = y + β and v = (x/h) + (α/h(α, β)). Note that
On the other hand,
using the conditions
coincides with {Z = 0}(F q ) \ {(0 : 1 : 0), (1 : 0 : 0)}, and the fiber ϕ −1 (ϕ(P )) contains at least two points (that is, ϕ(P ) is a singular point of ϕ(Ĉ)) for any
Assume that ϕ(R) is inner Galois. Then, the associated Galois group G ϕ(R) is of order q 2 , which is a Sylow 2-subgroup of the Suzuki group Sz(q) (see [6, p. 564] ).
Therefore, there exists P ∈Ĉ(F q ) such that σ(P ) = P for any σ ∈ G ϕ(R) . Similar to the proof of Theorem 1(3), R = P 1 or P 2 . The proof of Theorem 2 is completed.
Ree curves
See [9] or [6, Section 12.4] for properties of the Ree curves. Let p = 3, q 0 a power of 3, q = 3q 2 0 , and let C ⊂ P 3 be (the projective closure of) the space curve defined by
where (x, y 1 , y 2 ) and (X : Y 1 : Y 2 : Z) are systems of affine and homogeneous coordinates of A 3 and P 3 respectively. The smooth model of C is denoted byĈ with normalization r :Ĉ → C. Let P ∞ = (0 : 0 : 1 : 0) and P 2 = (0 : 0 : 0 : 1) ∈ C. It is known that P ∞ is a unique singular point of C and r −1 (P ∞ ) consists of a unique point P 1 ∈Ĉ.
We consider the subgroup
of PGL(4, k), which is of order q 3 . For any σ ∈ G 1 , it follows that σ(P ∞ ) = P ∞ and
. Let ψ be the involution ofĈ induced by (x, y 1 , y 2 ) → (w 6 /w 8 , w 10 /w 8 , w 9 /w 8 ),
as in [9, p.126] or [6, p. 577 ] (see also [1, 2] ). It follows that ψ(
It follows from [3, Theorem 1] that we have a morphism ϕ :Ĉ → P 2 such that ϕ is birational onto ϕ(Ĉ), deg ϕ(Ĉ) = q 3 + 1 and there exist two inner Galois points.
Then, ϕ(P 1 ) = (0 : 1 : 0), ϕ(P 2 ) = (1 : 0 : 0) and ϕ(Ĉ(F q )) = ϕ(Ĉ) ∩ {Z = 0}. Let (0, δ −q 0 −1 , 0) = δ 2 , for any δ ∈ F q \ {0}. It follows from √ −1 ∈ F q that the set ϕ(C(F q ) \ {P ∞ , P 2 }) coincides with {Z = 0}(F q ) \ {(0 : 1 : 0), (1 : 0 : 0)}, and the fiber ϕ −1 (ϕ(P )) contains at least two points (that is, ϕ(P ) is a singular point of ϕ(Ĉ)) for any P ∈ C(F q ) \ {P ∞ , P 2 }.
Assume that ϕ(R) is inner Galois. Then, the associated Galois group G ϕ(R) is of order q 3 , which is a Sylow 3-subgroup of the Ree group Ree(q) (see [6, p. 575] ).
Similar to the proof of Theorem 1(3), R = P 1 or P 2 . The proof of Theorem 3 is completed.
